We propose a simple mathematical model of liver S-adenosylmethionine (AdoMet) metabolism. Analysis of the model has shown that AdoMet metabolism can operate under two di!erent modes. The "rst, with low metabolic rate and low AdoMet concentration, serves predominantly to supply the cell with AdoMet, the substrate for various cellular methylation reactions. The second, with high metabolic rate and high AdoMet concentration, provides an avenue for cleavage of excess methionine and can serve as a source of cysteine when its increased synthesis is necessary. The switch that triggers interconversion between the &&low'' and &&high'' modes is methionine concentration. Under a certain set of parameters both modes may coexist. This behavior results from the kinetic properties of (i) the two isoenzymes of AdoMet synthetase, MATI and MATIII, that catalyse AdoMet production; one is inhibited by AdoMet, whereas the other is activated by it, and (ii) glycine-N-methyltransferase that displays highly cooperative kinetics that is di!erent from that of other AdoMet-dependent methyltransferases. Thus, the model provides an explanation for how di!erent cellular needs are met by regulation of this pathway. The model also correctly identi"es a critical role for glycine N-methyltransferase in depleting excess methionine in the high mode, thus avoiding the toxicity associated with elevated levels of this essential amino acid.
Introduction
Biological transmethylation reactions have attracted the attention of biochemists since they are important in a variety of cellular processes such as methylation of nucleic acids, proteins, phospholipids, and other molecules. Most of these reactions utilize S-adenosylmethionine (AdoMet) as a methyl donor. In the liver, there are two isoforms of methionine-adenosyltransferase (MATI and MATIII) , that catalyse the synthesis of AdoMet from methionine and ATP (Mato et al., 1997) (Fig. 1) . AdoMet activates MATIII and inhibits MATI (Cabrero et al., 1987; Cabrero & Alemani, 1988) . There are many interesting questions that remain to be answered about methionine metabolism. For instance, what is the rationale for the coexistence of the two MAT isoforms in the liver with reciprocal responses to the product, AdoMet? This is the "rst question that we have sought to answer in this study by developing a mathematical model.
In liver and kidney cells, dietary methionine can be metabolized to cysteine (Womak & Rose, 1941; Finkelstein et al., , 1988 . Homocysteine is an intermediate at a key junction in this pathway (Fig. 1) . It can either be remethylated back to methionine or it can undergo a condensation reaction with serine to form cystathionine. The latter is the direct precursor of cysteine. This source of cysteine derived from methionine is very important in the maintenance of the intracellular glutathione pool (Beatty & Reed, 1980; Mosharov & Banerjee, 2000) . The question thus arises, how do cells control #ow through a single methionine metabolite, AdoMet, to provide two di!erent consumers, i.e. AdoMet for methyl transfer reactions and glutathione for redox bu!ering? This is the second question that we have sought to answer with the model described in this study.
Elevated levels of homocysteine are a signi"-cant and independent risk factor for cardiovascular diseases (reviewed in Refsum et al., 1998) and neural tube defects (Mills et al., 1995) . The mechanism by which high homocysteine levels lead to disease is not known. Understanding the regulatory mechanisms operative in homocysteine metabolism is key to understanding aberrations in homocysteine homeostasis. Mathematical modeling has proven to be a very powerful tool for the study of metabolic control (Selkov, 1975; Martinov et al., 1999; Ni & Savageau, 1996) . A mathematical model describing the homocysteine metabolic junction could be a useful approach. It could help to integrate the existing experimental data and test their validity, provide a comprehensive overview of the regulation, and suggest testable hypotheses for further experimental work.
In this study, we propose a simple mathematical model for methionine metabolism in liver cells. The model qualitatively "ts the experimental data concerning metabolic #uxes and intermediate concentrations under physiological conditions. Analysis of this model shows that methionine metabolism can exist in two steady states. The "rst corresponds to the physiological values of metabolites, whereas the second occurs at a ten-fold higher AdoMet concentration and leads to a two-to three-fold faster rate of cysteine synthesis from methionine. Under a certain range of parameters, both steady states can coexist. There are at least two factors which can switch the system from the "rst steady state to the second: an increase in methionine concentration or a change in the ratio of MATI/MATIII activities. Finally, our mathematical model proposes the principles of regulation of methionine metabolism and o!ers a plausible explanation for why the liver has MATIII and glycine-N-methyltransferase, enzymes that are absent in most of the other tissues.
Model Description
The pathway for methionine metabolism is shown in Fig. 1 and starts from the conversion of methionine to AdoMet. The latter is a substrate for many methylases, which represent the second step in this pathway. Generally, pathways producing a substrate for multiple reactions are regulated by negative feedback, for instance in the synthesis of ATP. Such a strategy permits relative independence for di!erent consumers, i.e. changes in the rate of one of the consumers leads to corresponding change in the rate of substrate production thus preventing signi"cant deviations in substrate concentration. A similar mode of regulation operates in methionine metabolism where AdoMet is a strong inhibitor of the two MAT isoenzymes, the hepatic MATI and the extrahepatic MATII.
The third step in the pathway is catalysed by adenosylhomocysteinase. This step is the hydrolysis of S-adenosylhomocysteine, and formation of adenosine and homocysteine (Hcy). The activity of adenosylhomocysteinase in the liver cells is about 900 mmol h\ l\ cells (Ho!man et al., 1979) that is at least ten times higher than the activities of all other enzymes included in the model. The reaction is reversible under intracellular conditions (De la Haba & Cantoni, 1959; Finkelstein, 1990) and proceeds in the direction of hydrolysis only if the products, adenosine and homocysteine are metabolized (Ho!man et al., 1980; Finkelstein, 1990) . This implies that this step is not rate limiting and the metabolic #ux through it is determined by the rates of AdoHcy formation and adenosine and homocysteine consumption. Usually, reversible reactions catalysed by highly active enzymes are not rate-limiting steps in metabolic cycles. Thus, we assume that the adenosylhomocysteinase reaction is at equilibrium. The pathway bifurcates at the next step since homocysteine has two metabolic destinies. It can be transformed into cystathionine in a reaction catalysed by cystathionine--synthase. Cystathionine is subsequently converted to cysteine, and can either be degraded to sulfate or support protein and glutathione biosyntheses. Alternatively, homocysteine can be reconverted to methionine in a reaction catalysed by methionine synthase or betaine homocysteine methyltransferase. Both branches of homocysteine metabolism are rather complex. Both the transmethylation catalysed by methionine synthase and the transsulfuration catalysed by cystathionine -synthase are irreversible. Thus, we assume that the products of these and downstream reactions do not in#uence the upstream enzymes. We therefore assume that the rate of homocysteine utilization depends only on its own concentration and on the sum of the activities of the transmethylases and cystathionine--synthase. In liver cells, there are two additional enzymes that contribute to the complexity of the pathway. The "rst, MATIII, is activated by its product, AdoMet. This positive feedback could potentially lead to instability in the pathway by accelerating ATP-dependent AdoMet synthesis. The second enzyme, glycine-N-methyltransferase is also activated by AdoMet (Ogawa & Fujioka, 1982) . The product of this reaction is sarcosine that is either oxidized to glycine in a reaction catalysed by sarcosine dehydrogenase or its transported out of cells.
For the development of a simple mathematical model that encompasses the salient features of methionine metabolism, the pathway was simpli-"ed as shown in Fig. 2 . For this analysis, we have made the following assumptions. , Finkelstein (1990) and Cabrero et al. (1988) mol l\ cells
2. The Michaelis constants are the same for all methylases except glycine-N-methyltransferase. 3. Reactions catalysed by cystathionine--synthase and methionine synthase are not in#uenced by their products. The rate of homocysteine utilization depends linearly on homocysteine concentration. 4. The adenosylhomocysteinase reaction is at equilibrium because the activity of adenosylhomocysteinase is much higher than the activity of all other reactions in this pathway (Ho!man et al., 1979) :
With the above assumptions two di!erential equations are needed to describe the kinetics of AdoMet and AdoHcy concentrations:
where The enzyme exhibits Michaelis}Menten dependence on methionine concentration and is inhibited by AdoMet. Since the ATP concentration is kept as a constant in our model, there is no 524 
This enzyme exhibits sigmoidal dependence on methionine concentration (Kunz et al., 1980) . AdoMet activates the enzyme by decreasing K K for methionine. The expression for this reaction rate was "tted to the experimental data described previously (Duerre et al., 1977) :
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Many methyltransferases exist that utilize AdoMet as a methyl donor. All of them are inhibited by AdoHcy and exhibit low Michaelis constant for AdoMet (except glycine N-methyltransferase) (Duerre et al., 1977; Ho!man & Cornatzer, 1983) . Equation (7) describes the dependence of the rate of methyl transfer reactions (< +#2 ) on AdoMet, AdoHcy, and substrates for methylation (A) concentrations:
Glycine N-methyltransferase exhibits kinetic parameters that are quite di!erent from other methyl transfer reactions, i.e. sigmoidal dependence on AdoMet. The enzyme is also inhibited by AdoHcy, which is a feature common to most methyltransferases:
HOMOCYSTEINE CONSUMPTION (METHIONINE SYNTHASE AND CYSTATHIONINE -SYNTHASE)
The description of homocysteine (Hcy) cleavage is simpli"ed in the present model [eqn (10)]. The rate of Hcy degradation (< " ) depends linearly on substrate concentration and is not a!ected by AdoMet. This rate also does not depend on methyltetrahydrofolate and serine levels, the second substrates for methionine synthase and cystathionine--synthase, respectively ( Fig. 1 )
Results
Since the model describes the kinetic behavior with two variables, a phase diagram is the most convenient way to analyse the results. The phase diagram for eqns (2) and (3) is shown in Fig. 3 /dt"0. The main conclusion from these data is that AdoHcy is the fast variable (i.e. time constant is in the seconds time regime), whereas AdoMet is the slow variable (i.e. time constant is about tens of minutes). Thus, following initiation of the reactions, AdoHcy quickly reaches its quasi-steady state within seconds (dashed lines), whereas AdoMet changes more slowly in tens of minutes according to eqns (11) and (12).
According to eqn (11) the interplay between the overall rates of AdoMet production (<>) and consumption (<\) and their dependence on methionine and AdoMet concentrations determines the kinetic behavior of the whole metabolic system. Figure 4 shows the dependence of <> (solid lines) and <\ (dashed line) on the concentration of AdoMet. A steady state can be achieved only if the rate of AdoMet production is equal to the rate of its cleavage. The intersections of <> and <\ yield the concentrations of AdoMet at this steady state. As follows from eqns (4)}(9), changes in methionine concentration affect <> only without altering <\. Curves 1}3 in One steady state exists if methionine concentration is lower than 50 M (Fig. 4, curve 1 ). This steady state is stable. This represents the &&low'' mode of methionine metabolism, at a rather low AdoMet concentration and low metabolic rate. If the concentration of methionine is higher than 54 M (Fig. 4, curve 3) , the system achieves a second stable steady state in which the concentration of AdoMet and the metabolic #ux are much higher. This represents the &&high'' mode for methionine metabolism.
When the methionine concentration lies within a narrow range between 50 and 54 M, unusual kinetic behavior in this pathway is predicted (Fig. 4, curve 2 ). There are three points of intersection, i.e. three steady states. The middle point is a saddle and is unstable. The other two represent the steady states at low and high concentrations of AdoMet. These data imply that for the same concentration of methionine, the rates of AdoMet degradation and synthesis can either be low (Fig. 4 , curve 2, steady state A) or high (Fig. 4 , curve 2, steady state B). Thus, the system is bi-stable.
How would the system behave, for instance, if the methionine concentration changed 20% from 45 to 55 M? Figure 5 (a) shows a time course for incremental changes in methionine concentration from 45 to 52 M, then up to 55 M followed by a reversal. Figure 5(b) shows the kinetics for the corresponding changes in AdoMet concentration. If the methionine concentration was initially low and increased to 52 M, then the AdoMet concentration would increase slightly [ Fig. 5(b) ]. In contrast, if the methionine concentration decreased from 55 to 52 M the AdoMet concentration would also decrease but would stabilize at a much higher level than before, since the system remains in the &&high'' steady state. Thus, for the same concentration of methionine, the AdoMet level can be either low or high [see concentrations at 15 min vs. 75 min in Fig. 5(b) ]. The kinetics for changes in AdoHcy concentrations are very similar to AdoMet [ Fig. 5(b) ]. Figure 6 shows the steady-state concentration of AdoMet as a function of methionine concentration. The system stays in the &&low'' steady state if methionine is below 54 M. In this range of methionine concentrations, AdoMet levels increase slowly with increasing methionine but do not exceed 100 M. When the methionine concentration exceeds 54 M the concentration of AdoMet increases sharply rising &10-fold (Fig. 6,  right arrow) . The most notable feature in this behavior is the jump in the AdoMet concentration. Thus, the change in substrate concentration in this range triggers a switch in this metabolic pathway from one mode to another. In contrast, a decrease in methionine concentration from a &&high'' level to 54 M is not accompanied by a corresponding jump to the &&low'' steady state. Instead, this transition occurs only when the methionine concentration decreases to 50 M (Fig. 6, left arrow) . This represents a typical hysteresis curve. With increasing methionine concentration there is one dependence and with decreasing methionine concentration there is another. The dependence of the rates of individual enzymes as a function of methionine concentration is shown in Fig. 7 . At low methionine concentrations (i.e. at the &&low'' steady state) the total rate of AdoMet synthesis [ Fig. 7(a) , curve 1] is largely determined by MATI [ Fig. 7(a) , curve 2] while the #ux through MATIII is small [ Fig. 7(a), curve  3] . The rate of AdoMet synthesis is balanced by its consumption as determined by the total methylase activity [ Fig. 7(b) , curves 1 and 2, respectively]. Under these conditions, the #ux through glycine N-methyltransferase is negligible [ Fig. 7(b), curve 3] . When the system is in the &&high'' steady state, the rate of AdoMet production is governed mostly by MATIII [ Fig. 7(a) , curve 3]. Under these conditions, the AdoMet production exceeds its consumption by the methyltransferases and could render the system unstable [ Fig concentration for three di!erent MATI activities. The curve shifts from the right to the left, when the enzyme activity is increased which triggers metabolism to the &&high'' mode at a "xed methionine concentration. An analogous shift can be achieved by decreasing the rate of AdoHcy degradation as shown in Fig. 9 . However, the in#uence of B [see eqn (10)] is much weaker than that of MATI. The rate of AdoHcy degradation would have to be decreased 100-fold to switch the system to the &&high'' mode.
Discussion
The methionine metabolic pathway plays at least two major roles in liver cells: (1) production of methyl groups to support a variety of methyl transfer reactions and (2) the conversion of methionine to cysteine. According to the model developed in this study, the pathway can operate in two modes to ful"l these physiological functions. The "rst mode represents a low metabolic rate, occurs at low methionine concentrations, results in low AdoMet concentrations and serves to maintain the cells supply of AdoMet which is the major substrate for methylation. The second mode represents a high metabolic rate, occurs at high methionine concentrations, results in high AdoMet concentrations, serves to enhance cysteine synthesis if it is necessary, and provides a degradative pathway for excess methionine.
In the &&low'' mode (Fig. 7) , the system functions predominantly to produce the methylation substrate, AdoMet. The regulatory mechanism under these conditions is the same as that seen in many metabolic pathways where the product, AdoMet in this instance, inhibits its own production. This strategy permits relatively independent regulation of AdoMet levels by its various consumers, the methylases. Thus, changes in the rate of one of the consumers lead to corresponding changes in the rate of substrate production thus preventing signi"cant deviations in steady-state 530 AdoMet levels. In this steady state, both the AdoMet concentration and the #ux through this metabolic pathway are low. In the &&high'' mode ( Fig. 7) , AdoMet levels and the rates of its synthesis and degradation are greatly increased. The #ow of methionine through AdoMet under these conditions greatly exceeds the demand of the methylases [ Fig. 7(b) ]. Under these conditions, the AdoMet levels are critically dependent on the methionine concentration (Fig. 5) . The behavior predicted by this model is supported by experimental studies in which the concentrations of AdoMet and AdoHcy and the activity of glycine N-methyltransferase were found to increase during adaptation to excess dietary methionine London et al., 1987) .
The kinetic behavior of the system described above is determined mostly by the equilibrium between production and consumption of AdoMet. The synthesis of AdoMet is controlled by the activities of the two isozymes, MATI and MATIII, which display di!erential responses to their product, AdoMet. MATIII is activated by its product whereas MATI is inhibited. This kinetic property of MATIII is the reason that the dual steady states are possible in this pathway (Fig. 4) . However, this feature also renders the system unstable since high AdoMet concentrations accelerate the rate of its synthesis and therefore of ATP consumption. Glycine-Nmethyltransferase counters this instability under conditions of increased AdoMet synthesis since AdoMet also activates this enzyme and the extent of this activation is higher than for MATIII (Fig. 4) . This unlimited increase in AdoMet concentration is therefore averted and a second steady state is stabilized. From the biochemical point of view, glycine-N-methyltransferase may be viewed as performing a futile task since it converts glycine to sarcosine which is not a useful metabolite. Sarcosine can either be converted back to glycine by sarcosine dehydrogenase or transported out of the cell. Our mathematical model suggests a rationale for the existence of this enzyme. It endows the cell with the ability to greatly increase the #ow from methionine to homocysteine under conditions of excess methionine. Thus, as has been noted previously, the liver which alone contains MATIII, may be unique in its ability to adapt quickly to high levels of methionine (Finkelstein, 1990) .
Our model also describes the transitions between the two steady states in methionine metabolism. The "rst factor a!ecting this system is methionine. At physiological concentrations of methionine , the metabolic system remains in the &&low'' steady state. Increase in methionine levels triggers the transition to the &&high'' steady state. Only a 10% increase in methionine concentrations leads to a two-fold higher rate in its conversion to homocysteine and a ten-fold increase in the AdoMet levels. The concentration of methionine thus serves as a key toggle switch between the two modes. This is consistent with the observation that the concentration of methionine in rat liver is relatively insensitive to changes in dietary protein intake, in contrast to the hepatic concentrations of AdoMet and AdoHcy which increase with augmented dietary protein (Finkelstein et al., 1982) .
The existence of two states in a system is a common phenomenon in biology. The switching mechanism in many cases is dependent on a signal transduction pathway and involves covalent modi"cation, viz. phosphorylation/ dephosphorylation reactions. Analysis of the methionine metabolic pathway reveals the existence of a di!erent type of metabolic switch, one which is accomplished by changes in the concentration of the substrate.
